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Abstract – The ionospheric electron population is divided into two groups. The ambient electrons are ther-

malized. Their energy is usually smaller than one electron volt. Their densities and temperatures are the
usual ones measured by incoherent scatter radars, or modeled by international codes such as International
Reference Ionosphere (IRI). There is however a second population called the suprathermal electrons. This
one is either due to photoionization or to electron impact between the thermosphere and the precipitation in
the high latitude zone. In the frame of space weather, it may be the source of scintillations, plasma bulks
and other physical phenomena. The suprathermal electron population can only indirectly be measured
through the plasmaline and had never been modeled. Its modeling requires the computation of the electron
stationary ﬂux by solving the Boltzmann transport equation. This ﬂux is multiplied by various powers of
the velocity v and integrated to obtain the different order moments. By integrating f over v0 dv, one deduces
the suprathermal electron density. An integration of v1 f dv allows the computation of their mean velocity.
Higher moments give access to their temperature and ﬁnally to their heat ﬂux. In this work, we demonstrate
for the ﬁrst time the full and rigorous calculation of the ionospheric electron moments up to three. As two
case studies, we focus on high latitude in the auroral oval and low magnetic latitude over Algiers for different solar and geophysical conditions. We compare the suprathermal densities and temperatures to the
thermal electron parameters. Our results highlight that – as expected – the suprathermal density is small
compared to the thermal one. Although it is close to 3  103 m3 at 180 km during the day, it drops
drastically at night, to hardly reach 3 m3 . Contrarily to the density, the velocity is about 10 times more
important during the nighttime when precipitation occurs than during the daytime under the electromagnetic solar ﬂux. At 400 km, it varies during the day between 700,000 m s1 (active solar conditions)
and 900,000 m s1 (quiet Sun). At night, the velocity varies between 3  106 m s1 (low mean energy
precipitation) and 3  107 m s1 (high mean energy precipitation) at 400 km. The suprathermal temperature increases as the solar activity decreases or as the mean energy of the electron precipitation increases.
It may reach values close to 3  108 K. The heat ﬂux may be fully oriented downward or experiences a
reversal with some ﬂux going up depending on the forcing.
Keywords: Thermosphere / Ionosphere / Suprathermal particle / Boltzmann moments

1 Introduction
Many textbooks present the ionosphere in detail. A full
description is therefore out of scope of this work. Even a full
bibliography would be impossible to provide. We recommend
for example Rees (1989) for a complete description of the upper
atmosphere and we cite some other books in this article. However, there are still sometimes an ambiguity in the phrasing. The
thermosphere is the neutral part of the atmosphere above typically 75–80 km, mainly composed of N2, O2 and O up to about
500 km; the ionosphere is the ionized part composed of electrons and ions. The upper atmosphere is the merging of the
*

two. In the ionosphere, the electrons may be sub-divided into
two distinct populations.
The thermal electrons constitute the main electron population. It may be considered as a ﬂuid. Several of its macroscopic
parameters (density, velocity, temperatures) are measurable
through different means such as including the ionosondes or
the incoherent scatter radars. These parameters are heavily modeled, the main international model being IRI (Bilitza et al.,
2012). The energy of these electrons is typically of the order
of the electron-volt with a Maxwellian distribution.
The second population is called the suprathermal electrons.
Its energy spectrum has characteristic energies larger than the
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thermal population, up to several keV. It originates in two main
sources:
 Photoproduction: the EUV ﬂux energy is higher than typi-

cally 10 eV, i.e. the order of the ionization energy threshold for all the molecular and atomic atmospheric species.
After a photoionization, the extracted electron, called
primary photo-electron, has a kinetic energy equal to
the difference between the incident beam and the ionization threshold. Since the EUV energy can be as high as
350 eV, the created electron is often energetic enough
to create secondary ionization through collisions. The
primary photo-electron production due to the EUV interaction can be accurately described with a Beer-Lambert
law (again, this is described in many textbooks such as
Rees, 1989). The dynamics of this primary photo-electron
population is driven by the ﬂuid mechanics. They mainly
follow the neutral wind, with an additional diffusion
factor. The electrons are linked to the ion population
through the Laplace force, so that the plasma is globally
neutral (Kelley, 2009).
 Electron precipitation (Banks & Kockarts, 1973): they
occur mainly at high latitude in the auroral oval, but
can also occur in the polar cusp. The energy of the
precipitated electrons is highly variable and ranges from
a few tens of eV to MeV. They are therefore an important
source of atmospheric ionization. In this case, the precipitation is the primary source while the electrons created
through collision impacts are the secondary electron
population. Due to the magnetic mirroring, the precipitated ions (mainly protons) are usually stopped above
500 km while the electrons can go down along the
magnetic ﬁeld lines to about 80 km, depending on their
initial energy and pitch angle (Lummerzheim et al.,
1989). This charge separation is at the origin of ﬁeld
aligned currents that are out of the scope of this paper.
The macroscopic characteristics of this suprathermal
population has never been investigated. It is clear from different
studies (i.e. Min et al., 1993) or textbooks such as Woods
(1993) that they are in small numbers compared to the thermal
ones and that their density, velocity or temperature play little
role on the global characteristics of the ionospheric plasma.
However, they are still a component of our space environment
and are worth exploring. Moreover, they are important in order
for example to understand the plasmaline (Kofman et al., 1993;
Guio et al., 1998; Guio & Lilensten, 1999). They may also play
some role in the creation of blobs or patches at the origin of the
space weather mechanism of scintillation at high (Jin et al.,
2018) or low latitudes (Blanch et al., 2018).
We present here a ﬁrst calculation of the macroscopic
parameters of this suprathermal electron population based on
the suprathermal velocity distribution function derived from
the stationary ﬂux calculated by an electron kinetic transport model. We show their ﬁrst moments (order 0–3) and
compare them to the thermal parameters in two different
geophysical conditions at two different latitudes and under the
two different sources (solar electromagnetic ﬂux and
precipitation).

2 Mathematical model
2.1 The Boltzmann kinetic equation

The computation of the suprathermal moments requires to
know the stationary electron ﬂux. It can be computed by solving
the stationary kinetic Boltzmann transport equation. The computer program solving this equation along the magnetic ﬁeld
line with complete references concerning the cross sections used
in the model are described in detail in Lummerzheim &
Lilensten (1994); Lilensten & Blelly (2002); Lilensten et al.
(2013), and will not be repeated here. We only describe hereafter the philosophy of the code.
The vertical stationary kinetic transport equation expresses
the fact that the variation of the steady state electron ﬂux with
the scattering depth at a given altitude, energy and pitch angle,
is the difference between what leaves that energy, altitude or
angle slab and what enters it (i.e. Strickland et al., 1976; Basu
et al., 1993). It describes the angular and energy redistributions
of the electrons ﬂux from the top of the ionosphere to the low E
region. Its unknown is the stationary electron ﬂux /
(in cm2 s1 eV1 sr1) which depends on the altitude z, the
electron energy E and pitch angle h relative to the magnetic
ﬁeld. However, in the literature, the pertinent angle parameter
is l = cos(h).
This equation can be solved under the following assumptions: ﬁrst, we assume that electrons are predominantly transported along magnetic ﬁeld lines. Secondly, the motion of the
electrons is represented by the motion of their center of gyration
along the magnetic ﬁeld. The effect of ionospheric horizontal
electric ﬁelds on the energetic electrons is small and is
neglected. The acceleration of the electrons is assumed to have
taken place above the modeled altitude range, and local ﬁeld
aligned potential drops and the mirror force from the converging
geomagnetic ﬁeld are neglected. Finally, we can assume the stationary state for the kinetic transport. The main reason is that the
time of the absorption of the suprathermal particles by the atmosphere is much smaller than the changes in the source of those
particles: the typical collision frequencies are of the order of one
per second, while the precipitation occur over several seconds to
several hours, and the photoelectron production varies in a signiﬁcant manner over a few minutes, when the Earth rotates.
Therefore, the stationary assumption means that any time a
suprathermal particle is absorbed, another one with the same
characteristics (in term of energy and pitch angle) is created.
Of course, that also means that the kinetic equation must be
solved again any time the external conditions change, for example any time the precipitating ﬂux changes at the top of the
atmosphere. This is of great importance for time depending analysis, such as the coupling of the kinetic and ﬂuid approaches
(Blelly et al., 2010; Pitout et al., 2013). Finally, we obtain a
suprathermal electron ﬂux a function of energy, pitch angle
and time.
During an ionization process, the incident electron called
primary electron is scattered mostly forward, whereas the
extracted electron called secondary electron may be scattered
into any direction (Opal et al., 1971).
Variations in energy or angle due to collisions are described
through differential cross sections, deduced from the total cross
sections as described in Culot et al. (2005), and updated in
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Lilensten et al. (2013). Energy loss also occurs from the heating
of the ambient thermal electron gas due to suprathermal hot
electrons to thermal electrons interactions. This loss comes from
the combined effects of two body Coulomb collisions and the
collective effect of Cerenkov emission of plasma waves. Mantas
(1975) treated this loss process as an extra “friction” term,
assuming a continuous energy loss of the hot electrons to the
ambient electrons, without any deﬂection during the process.
In the literature, this approximation is referred as “the continuous ﬂowing down approximation” (Swartz & Nisbet, 1972;
Swartz, 1985). This mechanism describes how the suprathermal
electrons and the thermal ones friction against each other. It is
only efﬁcient if the suprathermal go slowly enough, i.e. in term
of energy, below 10 eV, and still more below 5 eV. Therefore,
this friction does not inﬂuence the electron production through
collision with the thermosphere because all the ionization
thresholds in the Earth atmosphere are larger than 10 eV. This
friction depends also on the thermal electrons characteristics, i.e.
on their density Ne and temperature Te. This is the only place
where these parameters may be inﬂuential. In the following of
this work, we will often refer to Ne and Te in order to compare
their values to the suprathermal ones. At all stage, it will be
important to keep in mind that they play no role on the
suprathermal parameters.
The algorithm solving the penetration and scattering
equation is a discrete ordinate method reviewed by Stamnes
et al. (1988). The ﬁrst version of this code is described in
Lummerzheim & Lilensten (1994). Since then, it has been constantly improved and used in different applications. A more
recent description is given in Lilensten & Cander (2003) and
the latest developments are in Lilensten et al. (2013).
The main inputs of this model are the neutral atmosphere,
the electron temperature and density proﬁles, the electron
impact cross sections The full bibliography for the cross
sections is given in Lilensten & Cander (2003). The neutral
atmosphere is provided by the empirical model NRLMSISE-00,
(Picone et al., 2002). The electron temperature and density proﬁles are given by the IRI model (Bilitza et al., 2012).
During the nighttime, the ﬂux of precipitating electrons at
the top of the ionosphere is an additional input of the model.
Following Rees (1989), we impose a ﬂux of precipitating electrons made of two components: a Maxwellian centered at a
suprathermal energy Eo (typically a few keV) and a power
law below 10 eV. This ﬂux enters the upper atmosphere with
a given pitch angle distribution. The bulk of the particles are
directed along the local magnetic ﬁeld line. The ﬂux of particles
decreases gradually from this parallel direction and becomes
zero in the direction perpendicular to the magnetic ﬁeld. Only
the mean energy (peak Eo) of the Maxwellian and the total integrated energy (Etot) are free parameters.
During the daytime, the EUV ﬂux is taken from the Solar
Spectral Irradiance Reference Spectra for Whole Heliosphere
Interval (WHI) model (Woods et al., 2009). The primary
photo-electron production due to the EUV ﬂux can then be
accurately described with a Beer-Lambert law. The inputs are
the photoabsorption cross sections, which are summarized in
(Lilensten & Cander, 2003; Lilensten et al., 2013). The main
outputs are the energy deposited at each altitude by the solar
irradiance at any wavelength through ionisation and excitation,
and the excitation and ionisation productions, called “Primary
production”, in cm3 s1.

2.2 The suprathermal moments

Once the distribution function / is computed, it is possible
to deduce the suprathermal parameters by integrating / over
different powers of the velocity v. Again, several textbooks
describe this process in term of the velocity and position parameters. We can recommend as examples (Lilensten & Blelly,
2000; Schunk & Nagy, 2000; Bittencourt, 2010). However,
these developments were always provided in term of the usual
parameter, i.e. the vector position and the vector velocity. In the
ionosphere, these parameter reduce to the altitude, the energy
and the pitch angle z, E, /. Several attempts were made to adapt
the ﬂuid equations to the ionospheric conditions (i.e. Akasofu &
Chapman, 1972; Schunk & Nagy, 2000). However, an initial
error in the mathematics (with an unknown origin) propagated
through the literature, preventing a correct solution. A more
complete approach with application to the plasma line was
provided in Guio et al. (1998) where the ﬁrst order moments
(0 and 1) were computed. We provide here the complete
solutions for the moments up to 3. Two demonstrations of the
suprathermal moments are provided in the appendix. We only
provide the ﬁnal formula in the main text.
Classically, the Boltzmann distribution function (in
r;~
vÞ. The particle velocity is ~
v which is splitted
cm6 s3) is f ðt;~
in velocities parallel and perpendicular to the magnetic ﬁeld
~
line ~
v ¼ v== i~
== þ v? i? . We make the stationary hypothesis.
The electrons are gyrating along the magnetic ﬁeld that we call
the z axis, so that the Boltzmann distribution function f ðt;~
r;~
vÞ
(in cm6 s3) can be simply expressed as f ðz; v? ; v== Þ. It can
also be expressed as a function of the suprathermal electrons
stationary ﬂux /ðz; E; lÞ (cm2 eV1 s1 sr1) solution of
the Boltzmann transport equation through:

 m2
f z; v? ; v== ¼
/ðz; E; lÞ
ð1Þ
2E
and
rﬃﬃﬃﬃﬃﬃ
2E
2pv? dv? dv== ¼ 2p
dl dE
ð2Þ
m3
l ¼ cosðhÞ and h is the angle between the magnetic ﬁeld line
and the electron trajectory (usually also called “pitch angle”),
E ¼ 12 mv2 is the non-relativistic electrons kinetic energy. m is
the electron mass.
Zeroth order moment: the suprathermal electron
density (in m3)

Z

ZZ
f ðz; vÞdv ¼
f ðz; v? ; v== Þ2pv? dv? dv==
ZZ rﬃﬃﬃﬃﬃﬃ
m
¼ 2p
/ðz; E; lÞ dl dE:
2E

nðzÞ ¼

ð3Þ

This moment allows to deﬁne a distribution function
from which one can compute the average hXi of any random
variable X as:
Z
1
Xf ðz; v? ; v== Þ2pv? dv? dv==
ð4Þ
hX i ¼
nðzÞ
and transform it in the ðl; EÞ frame using equations (1)
and (2). For more details see Appendixes A and B.
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vðzÞ ¼ hq== ðzÞi

First order moment: the suprathermal electron velocity
(in cm s1)

¼ v1 ðzÞ þ v2 ðzÞ þ v3 ðzÞ þ v4 ðzÞ þ v5 ðzÞ

ð13Þ

We note that over a full rotation, the average of the perpenwhere:
dicular velocity is null, so that hvi = hv//i:
Z
1
hvðzÞi ¼ hv== ðzÞi ¼
v==ðzÞ f ðz; v? ; v== Þ2pv? dv? dv==
nðzÞ
ZZ
1
/ðz; E; lÞl dl dE:
ð5Þ
¼ 2p
nðzÞ

R
8
v1 ðzÞ ¼ E/1 ðz; EÞ dE
>
>
>
qﬃﬃﬃﬃﬃ
>
R
>
mE
>
>
dE
v
ðzÞ
¼
hvi
/
ðz;
EÞ
0
>
2
> 2
<
R
2
v3 ðzÞ ¼ 32 mhvi /1 ðz; EÞ dE
ð14Þ
>
q
ﬃﬃﬃﬃ R
>
>
3
3
>
>
v4 ðzÞ ¼ hvi m8 p1ﬃﬃE /0 ðz; EÞ dE
>
>
>
>
pﬃﬃﬃﬃﬃﬃﬃﬃﬃ
R
:
v5 ðzÞ ¼ hvi /2 ðz; EÞ 2mE dE
R
where /j ðz; EÞ ¼ 2p lj /ðz; E; lÞ dl and j = 0, 1, or 2.

Second order moment: the suprathermal electron
temperature (in K)

The instantaneous velocity ~
v of the suprathermal electrons
may be divided in the mean velocity h~
v i along B, in relation
to the overall or drift motion of the electrons, computed in equation (5) and speciﬁc velocity ~
c depending on each electron
agitating energy: ~
c ¼~
v  h~
v i. To compute the suprathermal
electron temperature (in K), we use the thermodynamic deﬁnition of the kinetic temperature 32 kT ¼ 12 mhc2 i where k is the
Boltzmann constant.
So
3
1 
2
kT ¼ m hv2 i  hvi :
ð6Þ
2
2
So that
3
m
kT ¼
2
2nðzÞ

Z
v2 f ðz; v? ; v== Þ2pm? dm? dm== 

mhvi2
2

which becomes:
ZZ rﬃﬃﬃﬃﬃﬃﬃ
2
3
1
mE
mhvi
kT ¼ 2p
:
/ðz; E; lÞ dl dE 
2
nð z Þ
2
2

ð7Þ

ð8Þ

Equation (8) allows to deﬁne three temperatures. The total temperature Ttot in relation to the instantaneous velocity, the speciﬁc
or kinetic one T = Tspec and the mean one Tmean:
ZZ pﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2p 1
2mE / ðz; E; lÞ dl dE
ð9Þ
T tot ðzÞ ¼
3k nðzÞ
T mean ðzÞ ¼

m
2
hv== i
3k

ð10Þ

where hvi = hv//i and:
(
T tot ðzÞ  T mean ðzÞ
T spec ðzÞ ¼
RR pﬃﬃﬃﬃﬃﬃﬃﬃﬃ
mhv i2 :
1
2mE / ðz; E; lÞ dl dE  3k==
¼ 2p
3k nðzÞ
ð11Þ
Third order moment: the supra thermal electron heat
flow (in eVm2 s1)

1
~
qðzÞ ¼ nðzÞ mc2~
c:
ð12Þ
2
The suprathermal heat ﬂow is the projection of ~
qðzÞ parallel to
the magnetic ﬁeld line. We call it v(z). Developing ~
qðzÞ, we
obtain:

3 Results
The number of geophysical cases is so huge that a detailed
study of the suprathermal moments at all geographical locations,
all solar conditions and all geomagnetic conditions makes
simply no sense. We chose to provide here few typical cases.
The effect of the solar electromagnetic ﬂux will be studied over
Algiers (Latitude = 36.75°, longitude = 3.04°) at local noon.
The effect of the nightside electron precipitation will be
provided above the EISCAT radar near Tromsø (Latitude =
69.58°, longitude = 19.23°). We will explore different solar
and geomagnetic activity conditions.
3.1 Dayside case: Detailed study over Algiers during
quiet solar and geomagnetic conditions

The ﬁrst case corresponds to a decimetric index F10.7 = 80,
i.e. a quiet sun at noon. The main parameter for the thermosphere and the ionosphere is however the average of F10.7 over
the previous days. The models take a summation over 81 days.
Here, we impose that this average is equal to the daily value in
order to avoid confusion. In the following, the term F10.7 will
therefore designate indifferently the daily or the average value.
The geomagnetic activity is Ap = 3, i.e. a quiet condition as
well. The neutral atmosphere is given in Figure 1. There is no
commentary to make on this ﬁgure since it presents the classical
features of a quiet low latitude thermosphere with an exospheric
temperature of about 800 K.
As described above, the solar ﬂux penetrates in this
atmosphere. It is absorbed through photoexcitation and photoionization. The input solar electromagnetic ﬂux comes from
Woods et al. (2009) ranging from 0.05 nm up to 2400 nm.
However, the wavelengths that are efﬁcient to ionize or excite
the thermosphere range from 2.45 nm (506.04 eV) to
103.15 nm (12.02 eV), i.e. the extreme UV to XUV. Figure 2
shows the altitude where it is absorbed at all wavelengths (Solar
Spectrum Irradiance, or SSI) and its integral over the wavelengths at all altitudes (Total Solar Irradiance, or TSI). We recall
that the SSI and the TSI were calculated by the model described
in Section 2.1. Here again, the depositions is not uniform.
It depends on the different cross sections of each atom or
molecule encountered at each wavelength. Above 300 km, the
absorption remains small (about 1% of the total energy).
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Fig. 1. Left panel: Neutral densities (MSIS, Picone et al., 2002) over
Algiers (F10.7 = 80, Ap = 3). Full line: N2, dotted line: O, dashed
line O2. Right panel: Neutral temperature.

Fig. 3. The left panel shows the logarithm of the primary electron
production (cm2 s1) as a function of the total solar irradiance
wavelength (nm) and the altitude (with the color code in the scale on
the right side). The right panel is the integration over all wavelenghts.

Fig. 2. The left panel shows the logarithm of the Solar Spectrum
Irradiance, or SSI (cm2 s1 nm1) as a function of the wavelength
(nm) and the altitude. The color code lies in the right of the ﬁgure.
The right panel is the integration over all wavelengths (Total Solar
Irradiance, or TSI).

Fig. 4. Hemispheric stationary ﬂux deduced from the kinetic
Boltzmann equation integrated over all the angles. Green: 1 eV;
dark blue: 10 eV; light blue: 20 eV; red: 50 eV.

The solar ﬂux photoionization creates a primary production
(Fig. 3). This production varies with the wavelength as a function of the different photoabsorption cross sections. At low altitude, this primary photoproduction is not only due to high
energy photons (i.e. low wavelengths) but the low energy
photons also play an important role in it. This is due to the fact
that the ionization cross sections are larger close to the ionization threshold. Not surprisingly, this is the origin of the E and
F ionospheric regions clearly seen in this ﬁgure around 90
and 160 km.
This primary photoproduction will then collide with the
ambient gas to create a secondary production. The kinetic transport equation provides the stationary electron ﬂux / (in
cm2 s1 eV1 sr1). Figure 4 shows some proﬁles integrated
over all the pitch angles (and called total hemispherical ﬂux; total meaning the sum of upward and downward ﬂuxes) at four
different energies. This ﬂux decreases rapidly with the electron
energy, so that we do not provide the upper energy ones (i.e.
507 eV in our dayside computation, corresponding to the largest
energy in the input solar ﬂux). This decrease is simply a result

of the fact that most of the high energy electrons lose their energy through collisions to create more low energy ones.
The ﬂuid moments are direct outputs of this electron ﬂux.
Figure 5 shows the moments up to three over Algiers at low
solar and geomagnetic activities. The temperatures and densities
are compared to that of the thermal ones. Not surprisingly, the
suprathermal electron density is smaller than that of the thermal
one by a factor of 10 (at 180 km) to 100 (at 600 km) which is in
perfect agreement with Min et al. (1993) and Woods (1993).
Their detection remains therefore a challenge for the future,
and only the measurement of the plasma line may give some
hints about them (Guio & Lilensten, 1999). We will see that
the case is still less favorable during nightside conditions. Their
velocity is large, up to 800 kms1 at 600 km (where there are
however less than 1000 suprathermal electrons per cubic meter).
Since the temperature is the next moment after the velocity, this
high velocity implies a temperature much larger than that of the
thermal electrons. Indeed, IRI gives a thermal electron temperature up to about 2460 K at 600 km while the suprathermal
electron temperature is equal to 46,400 K at the same altitude.
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Fig. 5. Suprathermal moments over Algiers during daytime. Upper left panel: from left to right, suprathermal electron density computed in this
work, compared to the thermal one provided by IRI (Bilitza et al., 2012). Right panel: suprathermal velocity. Lower left pannel: from left to
right, thermal electron temperature provided by IRI, suprathermal electron temperature (dashed line: mean temperature; full line: speciﬁc
temperature; dotted line: total suprathermal electron temperature). Right panel: suprathermal heat ﬂux. With respect to equation (13), we have
from left to right: v2(z) in dotted line, v5(z) in dot-dashed line, full line v(z), along the 0 abscissa are v3(z) and v4(z) which are negligible at this
scale compared to the other quantities, and ﬁnally on the right side is v1(z) in dashed line. The velocity and the heat ﬂuxes are positive
downward.

This temperature is the difference between two terms with respect to equation (11). The most important one remains the speciﬁc temperature Tspec(z) which maximises at 67,300 K at the
upper atmosphere considered here. However, the mean temperature Tmean(z) is far from being negligible with a maximum value
equal to 20,900 K. This component decreases with the altitude
as the electron velocity decreases, but always remains far above
the thermal electron temperature. The heat ﬂux is positive
downward. The main component is v1 ðzÞ with respect to equation (13). It is oriented downward. However, amongst the other
components, v2 ðzÞ and v5 ðzÞ oriented upward largely balance it
so that the sum is upward, reﬂecting the fact that the heat goes
from the hotter to the colder electrons. The other components
(v3 ðzÞ and v4 ðzÞ) are smaller than 103 eVcm2 s1, i.e.
negligible.
3.2 Dayside case: Comparison of different solar and
geomagnetic conditions over Algiers

We do not need to study in detail all the parameters shown
above to perform this comparison. The test case above was for a
decimetric index F10.7 = 80, i.e. a quiet sun at noon and a geomagnetic activity index of Ap = 3, i.e. a quiet condition as well.
Here, we keep the Ap index equal to 3 while the solar activity
index is successively equal to 120 (mid) and 200 (active).
Finally, we also vary Ap for extreme geophysical conditions
(Ap = 300), but in order to allow a comparison with the test

case, we keep the solar activity F10.7 = 80. These parameters
change the solar irradiance (F10.7), the thermosphere given
by MSIS through both F10.7 and Ap and the electron (and
ion) temperature(s) provided by IRI through F10.7 only (in
IRI, Ap only inﬂuences the auroral oval model). Because the
thermal electron temperature and density have little inﬂuence
on the Boltzmann equation, we do not try to deﬁne them precisely and will use IRI in the standard mode (there are many
switches in this model allowing different considerations on
the external forcings). Note that the electron density in this standard mode of IRI depends on the time and the day, but not on
F10.7, and will therefore remain constant in the current study.
In order to show this variability, we provide the ionosphere
and thermosphere parameters in Figure 6.
The process described above is ran in all different cases. In
Figure 7, we only show the total suprathermal heat ﬂux and the
total suprathermal temperature and not their different components, as the behavior is similar to the study in Section 3.1.
The variation of the suprathermal parameters closely follows
that of the neutral density. At low altitude (below about 180
km), the thermosphere experiences slight variations through
N2 and O2. Above this altitude, these molecules vary as shown
in Figure 6 but the atomic oxygen which becomes preponderant
is also more variable. Therefore the larger variability of the electron stationary ﬂux and then of the suprathermal moments. The
suprathermal electron density may be multiplied by a factor of 5
at 600 km when the solar/geomagnetic activity increases.
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Fig. 6. The four cases under study. The color code is: F10.7 = 80, Ap = 3 (black), F10.7 = 120, Ap = 3 (red), F10.7 = 200, Ap = 3 (green) and
F10.7 = 80, Ap = 300 (blue). Variation of the O2 density (upper left), O (upper right), N2 (middle left) and electron density (middle right).
Bottom panels: Neutral temperature (left) and electron temperature (right). Since the values provided by IRI only depend on F10.7 and not on
Ap, the blue and the black lines are superposed in the temperature and electron density curves.

Fig. 7. Suprathermal moments for the four cases under study. As in Figure 6, the color code is: F10.7 = 80, Ap = 3 (black), F10.7 = 120, Ap = 3
(red), F10.7 = 200, Ap = 3 (green) and F10.7 = 80, Ap = 300 (blue).
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As 4this density increases, the other parameters decrease since
they depend on the inverse of the suprathermal electron density.
The velocity decreases by a factor of about a quarter at the upper
altitude (9.75  105 m s1 in the quiet test case down to
7.57  105 m s1). The effect is smaller on their temperature
(about 10% at 600 km). The maximum variability in the heat
ﬂux occurs between about 220 km and 550 km where the value
is almost divided by a factor of 2.
3.3 Nightside case: over Tromsø in the auroral oval

Since the inﬂuence of neutral atmosphere on the suprathermal moments was studied in Section 3.2, we will now study the
effect of the precipitations in the auroral oval. In this aim, we
maintain the same geophysical conditions (Ap = 120) and solar
ones (F10.7 = 80). We chose arbitrarily to place the study the
1st of January, 2015 at 22 LT, in order to have no inﬂuence
of the solar electromagnetic ﬂux. Rees (1989) mentions that
the electron precipitations may be considered as the sum of a
power low at low energy and a Maxwellian with a mean energy
Eo. Etot is the total energy carried by the precipitating initial ﬂux
at the upper atmosphere. It is the sum of all the energies. The
stationary assumption implies that this does not depend on the
time: Etot represents the energy at time considered for the run
(e.g. Jasperse, 1976). A good order of magnitude to keep in
mind is that Etot = 1 erg corresponds to a faint visible aurora.
This energy unit is rarely used, except in this precise case
because of this consideration (1 erg = 6.2415  1011 eV).
Other studies such as Hardy et al. (1985) contradict this electron

Fig. 8. Electron precipitations for a mean energy Eo = 500 eV and a
total energy Etot = 5 erg.

precipitation shape. However, in front of the multiplicity of
cases, we will keep Rees’ s formulation. In Figure 8, we show
such a spectrum for a mean energy Eo = 500 eV and a total
energy Etot = 5 erg.
With this atmosphere and this precipitation, we obtain the
moments provided in Figure 9.
The ﬁrst prominent feature is the very small value of the
suprathermal electron density, which is divided by a factor
larger than 1000 compared to the low latitude midday. This
makes their detection still more challenging for the future than

Fig. 9. Suprathermal moments in the auroral oval during nighttime. Upper left panel: from left to right, suprathermal electron density computed
in this work, compared to the thermal one provided by IRI (Bilitza et al., 2012). Right panel: suprathermal velocity. Lower left pannel: from left
to right, thermal electron temperature provided by IRI, suprathermal electron temperature (dashed line: mean temperature; full line: speciﬁc
temperature; dotted line: total suprathermal electron temperature). Right panel: suprathermal heat ﬂux. With respect to equation (13), we have
from left to right: v2(z) in dotted line, v5(z) in dot-dashed line, full line v(z), along the 0 abscissa are v3(z) and v4(z) which are negligible at this
scale compared to the other quantities, and ﬁnally on the right side is v1(z) in dashed line. The velocity and the heat ﬂuxes are positive
downward.
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Fig. 10. Electron moments for a mean energy Eo = 500 eV (black), 1 keV (red), 10 keV (green) and 100 keV (blue) and a similar total energy
Etot = 5 erg.

Fig. 11. Electron moments for a total energy Etot = 5 erg (green) and 100 erg (black) and a similar central energy Eo = 10 keV.

during the day. The velocity though is much larger, reaching
5  106 m s1. The suprathermal electron temperature becomes
tremendous with values above the million Kelvins. Although of
the same order of magnitude than during the day, the heat ﬂux
is more variable, with downward oriented slabs (below
approximately 400 km) and upward ones (above), reﬂecting the
inversion of the electron suprathermal velocity. But considering

the small amount of suprathermal electrons (about 105 times
less than the thermal ones), these impressive characteristics
hardly have any inﬂuence on the global behavior of the upper
atmosphere.
In Figure 10, we show the variability of the
suprathermal electron moments when the center energy Eo
varies while the total energy remains constant (Etot = 5 erg).
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The counterpart (Eo constant at 10 keV and different Etot) is
shown in Figure 11.
The effect of the central energy is dramatic. The density
may be divided by a factor of 100 between 500 eV and 100
keV. The important feature is that this ratio is maintained
approximately at all the altitudes above 220 km. The higher
the central energy, the deeper the electrons can penetrate into
the upper atmosphere. Therefore, the suprathermal electrons still
exist at 120 km when Eo is large while there are no longer any
of them when Eo is small. As in the case of the dayside
suprathermal moments, the effect is inverted on the velocity
and the temperature. The former reaches values as high as
3  107 m s1, i.e. still two order of magnitude below the light
velocity (justifying the assumption that these particles are not
relativistic). The temperature reaches about 200 million degrees
(but again for a density smaller than 0.01 particle per cubic
meter). The effect on the heat ﬂux is more on the altitude of
the reversal than on the amplitude itself, the former getting lower and lower in altitude when the electron precipitation energy
increases.
The effect of the total energy Etot is shown only for two
values, 5 erg and 100 erg, i.e. a bright aurora and an exceptionally strong one. The shape of the stationary ﬂux does not vary, it
is only enhanced. This has no effect on the velocity and on the
temperature: the particles are the same, but in larger number.
Therefore, the two are indistinguishable in Figure 11. Of course,
the more precipitated electrons the more suprathermal ones in
the upper atmosphere. This is reﬂected in the upper left panel
(density) where the density reaches 3 particles per cubic meter
at 200 km with the highest Etot. The heat ﬂux is also drastically
impacted, increasing by a factor of 20 at 225 km.

4 Conclusion
The electron population in the upper atmosphere is divided
in a thermal and a suprathermal population. Modelings and
measurements of the ionosphere are dealing with the former.
The physical characteristics of the latter had never been computed before. This requires several steps: (i) the computation
of their distribution function by solving the kinetic Boltzmann
equations and (ii) to integrate this function over different power
of the velocity. In this work, we provide a solution of this series
of integrations up to the power of 3, providing for the suprathermal electrons their density (0th order moment), velocity
(1th order moment), temperature (2nd order moment) and heat
ﬂux (3rd order moment). Using a kinetic code, we could compute these parameters. We provide a series of results at low latitude over Algiers (Latitude = 36.75°, longitude = 3.04°) at local
noon for different solar and geophysical conditions, and at high
latitude in the auroral oval above Tromsø (Latitude = 69.58°,
longitude = 19.23°) for different precipitation spectra. The main
features are:
 The suprathermal density is small compared to the ther-

mal one. Although it is close to 3  103 m3 at
180 km (whatever the solar activity) during the day, it
drops drastically at night, even under the effect of precipitations, to hardly reach 3 m3.

 As the density of the electrons increases, they will

undergo more elastic and inelastic collisions leading to
the decrease of their velocity and temperature.
 Contrarily to the density, the velocity is about 10 times
larger during the nighttime when precipitation occur than
during the daytime under the electromagnetic solar ﬂux.
During the day, its value is negligible at 100 km. It
reaches 400,000 m s1 at 200 km whatever the solar
and geomagnetic conditions. The increase of the velocity
with altitude depends on the solar activity above this altitude. At 400 km, it varies between 700,000 m s1 (active
solar conditions) and 900,000 m s1 (quiet Sun). At night,
the velocity varies between 3  106 m s1 (low mean
energy precipitation) and 3  107 m s1 (high mean
energy precipitation) at 400 km.
 The suprathermal temperature increases as the F10.7
decreases or as the center energy of the electron precipitation increases. It may reach values close to 3  108 K,
i.e. about 105 times larger than that of the thermal
electrons.
 The heat ﬂux is hard to be compared to any existing measurement. Depending on the shape of the density, velocity
and temperature, it may be fully oriented downward or
experience a reversal with some ﬂux going up. In absolute
value, its typical upper limit is 2  1012 eVm2 s1 ) with
a maximum between 200 and 300 km depending on the
forcing.
These characteristics make their detection a real challenge
for the future. Their inﬂuences on the usually measured parameters (electron density, temperature, velocity) are dim. The
main hope is through the measurement of the plasma line (Guio
& Lilensten, 1999). The new EISCAT 3D facility may be a true
opportunity for such a challenge.
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Appendix A
Computation of the suprathermal electron moments:
first demonstration
A.1 From f to /

Classically, the Boltzmann distribution function (in
r;~
vÞ.The velocity of the particle is ~
v which is
cm6 s3) is f ðt;~
splitted in velocities parallel and perpendicular to the magnetic
ﬁeld line:
~
~
v ¼ v== i~
== þ v? i?

Since the electrons are not relativistic, their kinetic energy
writes E ¼ 12 mv2 so that we can write:
qﬃﬃﬃﬃ
8
2E
>
j~
vj
¼
>
m
>
>
<
qﬃﬃﬃﬃpﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðA:3Þ
v? ¼ 2E
1  l2
m
>
>
q
ﬃﬃﬃﬃ
>
>
:v ¼ 2El
m

In cylindric coordinates (Fig. A.1), a volume element writes
~
dX = rdrdhd/. In the (i~
== , i? ) system, the full rotation of / is
2p and the volume element writes:
dX ¼ 2pv? dv? dv== :

ðA:4Þ

We want to write this volume element in the new frame E, l
where we aim at writing the new distribution function /(z, E,
l) in cm2 eV1 s1 sr1. To do so, we need to express the
volume element in the two frames:
dX ¼ 2p v? dv? dv== ¼ 2p detðJÞ dl dE

dF ¼ /ðz; E; lÞ2p dl dE
ðA:9Þ
Using equation (A.8) and the value of the velocity versus
energy, one gets:
f ðz; v? ; v== Þ ¼

m2
/ðz; E; lÞ:
2E

ðA:10Þ

A.2 Moments
A.2.1 Zeroth order moment: the supra thermal electron density

In Boltzmann’s formalism, the density n(z) (in cm3) is:
Z
nðzÞ ¼ f ðz; vÞdv
ðA:11Þ

which becomes here:
Z
nðzÞ ¼ f ðz; v? ; v== Þ2p v? dv? dv==

ðA:12Þ

or, replacing f with its value in (A.10) and the integrands with
their values in (A.8):
ZZ rﬃﬃﬃﬃﬃﬃ
m
/ðz; E; lÞ dl dE:
ðA:13Þ
nðzÞ ¼ 2p
2E
We can now compute the average hXi of any random variable X
as:
Z
1
Xf ðz; v? ; v== Þ 2p v? dv? dv==
ðA:14Þ
hX i ¼
nðzÞ
and transform it in the ðl; EÞ frame using exactly the same
method.

ðA:5Þ
A.2.2 First order moment: the supra thermal electron velocity

where J is the Jacobian:
J¼

The element ﬂux dF of electrons along B can be written in the
two systems:

dF ¼ ~
vf ð~
r;~
vÞdX ¼ j~
vj f ðz; v? ; v== Þ2p v? dv? dv==

ðA:1Þ

~
where i~
== and i? are the unitary vectors along the magnetic
ﬁeld line and perpendicular. We make the stationary hypothesis so that there is no time anymore to consider. The
electrons are gyrating along the magnetic ﬁeld that we call
the z axis, so that the Boltzmann distribution function can
be simply expressed as f (z, v\,v//).
We call h the angle between the magnetic ﬁeld line and the
electron velocity vector (usually also called “pitch angle”) and
l = cos(h), so that:
(
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
vj sin h ¼ j~
vj 1  l2
v? ¼ j~
ðA:2Þ
vj cos h ¼ j~
vjl
v== ¼ j~

==

Introducing the determinant of J in equation (B.7) we get:
rﬃﬃﬃﬃﬃﬃ
2E
dl dE:
ðA:8Þ
dX ¼ 2p v? dv? dv== ¼ 2p
m3

dv==
dl
v? dvdl?

From equation (A.2) we ﬁnd:
0 qﬃﬃﬃﬃ
J ¼@

2E
m

2lE
m

dv==
dE
v? dvdE?

!
:

ðA:6Þ

1

l
pﬃﬃﬃﬃﬃﬃ
2mE A
1l2

The second moment is the velocity (in cm s1). It is important to note that around a full rotation, the average of the perpendicular velocity is null, so that hvi = hv//i:
Z
1
hvi ¼ hv== i ¼
v== f ðz; v? ; v== Þ2p v? dv? dv== ðA:15Þ
nðzÞ
becomes:

:

ðA:7Þ

m
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1
hvi ¼ hv== i ¼ 2p
nð z Þ

ZZ
/ðz; E; lÞ l dl dE:

ðA:16Þ
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Which can be written according to equation (A.20) as:
3
mhvi
:
T tot ¼ kT þ
2
2
2

ðA:22Þ

It is the sum of two components because the velocity of the
electrons may be divided in the mean velocity along B computed in equation (A.16) (again, the perpendicular velocity
average is null) and the speciﬁc ﬂuctuation of the velocity ~
c
depending on each electron agitating energy with the corresponding kinetic or speciﬁc temperature Tspec. The mean
temperature due to the mean velocity is simply:
T mean ¼
and we get:
T spec

mhv== i2
3k

ðA:23Þ

ZZ pﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2
mhv== i
2mE /ðz; E; lÞ dl dE 
:
3k

2p 1
¼
3k nðzÞ

ðA:24Þ
Fig. A.1. Usual cylindric coordinates. The electron follows a spiral
around the magnetic ﬁeld, taken as the z axis. The projection of
its velocity on this axis is v||. The projection on the perpendicular plane is
v\.
A.2.3 Second order moment: the supra thermal electron
temperature

To compute the suprathermal electron temperature (in K),
we use the thermodynamic deﬁnition of the kinetic temperature
3
kT ¼ 12 mhc2 i where k is of the Boltzmann constant and~
c is the
2
difference between the instantaneous velocity ~
v and its average
(mean) h~
vi. Note that we consider these electrons as having
three degrees of freedom while the thermal ones usually have
only two. The reason is that the thermal ones are constrained
along the magnetic ﬁeld while the suprathermal are created in
any pitch angle:
~
~
c ¼~
v  hvi:

ðA:17Þ

A.2.4 Third order moment: the supra thermal electron heat flow

The heat ﬂow, in eV cm2 s1 writes:
1
~
qðzÞ ¼ nðzÞmc2~
c:
ðA:25Þ
2
Since the mean velocity is only carried by the parallel axis,
~
c can also be written:


v==  hvi
~
c¼
:
ðA:26Þ
v?
So that


cc¼

v==  hvi
v?


ðv==  hvi v? Þ

ðA:27Þ

which develops in:
c  c ¼ v2== þ hvi2  2hviv== þ v2?

So

3
1 
2
kT ¼ m hv2 i  hvi :
2
2

ðA:18Þ

ðA:28Þ

But, v2 ¼ v2== þ v2? so that equation (A.28) becomes more
simply:
c  c ¼ v2 þ hvi2  2hviv==

So that
3
m
kT ¼
2
2nðzÞ

Z

and the components of c  c ~
c are:

mhvi2
v2 f ðz; v? ; v== Þ2p v? dv? dv== 
2

2

cc~
c¼

ðA:19Þ
which becomes:
3
1
kT ¼ 2p
2
nð z Þ

ðv2 þ hvi  2hviv== Þðv==  hviÞ

ZZ rﬃﬃﬃﬃﬃﬃﬃ
2
mE
mhvi
: ðA:20Þ
/ðz; E; lÞ dl dE 
2
2

This allow to deﬁne the total temperature Ttot in relation to
the instantaneous velocity v, deﬁned by:
ZZ pﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2p 1
2mE /ðz; E; lÞ dl dE:
ðA:21Þ
T tot ¼
3k nðzÞ

ðv2 þ hvi  2hviv== Þv?
2

ðA:29Þ
!
:

ðA:30Þ

Since we are going to make a mean by integrating on the
Boltzmann function and hv\i = 0, the heat ﬂow is along the
parallel axis only. Its value is then:
1
2
q== ðzÞ ¼ nðzÞmðv2 þ hvi  2hviv== Þðv==  hviÞ: ðA:31Þ
2
We develop it to get:
1
2
3
q== ðzÞ ¼ nðzÞmðv2 v== þ v2 hvi þ 3hvi v==  hvi  2hviv2== Þ:
2
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In this equation, the different velocities can be expressed in
term of the energy E, the cosine of the pitch angle l and
the mass m through the set of equations (A.33)
rﬃﬃﬃﬃﬃﬃ
rﬃﬃﬃﬃﬃﬃ
1
2E 2E
2E
2E
2
3
hvi þ 3hvi
q== ðzÞ ¼ nðzÞm
l
l  hvi
2
m
m
m
m

2E 2
 2hvi l :
ðA:33Þ
m
This can be written as the sum of 5 heat ﬂow components
q== ðzÞ ¼ q1 ðzÞ þ q2 ðzÞ þ q3 ðzÞ þ q4 ðzÞ þ q5 ðzÞ, each of them
having to be averaged as in equation (A.14)
Z
1
qi ðzÞf ðz; v? ; v== Þ2pv? dv? dv== :
ðA:34Þ
vi ðzÞ ¼
nðzÞ
As above, we use equations (A.8) and (A.10) to write this
series of integrals as:
rﬃﬃﬃﬃﬃﬃ
Z
1
m2
2E
vi ð z Þ ¼
/ðz; E; lÞ dl dE: ðA:35Þ
qi ðzÞ 2p
nð z Þ
m3
2E
The stationary electron ﬂux /(z, E, l) is integrated over dl in
v2 and v4, over ldl in v1 and v3 and ﬁnally over l2dl in v5.
Lets call /j (z, E) these integrals:
Z
ðA:36Þ
/j ðz; EÞ ¼ 2p lj /ðz; E; lÞ dl:
We now replace successively the ﬁve values of qi given (Eq.
(A.32)) in equation (A.35). After some basics algebra, we
obtain v(z) = v1(z) + v2(z) + v3(z) + v4(z) + v5(z) where:
R
8
v1 ðzÞ ¼ E/1 ðz; EÞ dE
>
>
>
qﬃﬃﬃﬃﬃ
>
R
>
>
>
v2 ðzÞ ¼ hvi /0 ðz; EÞ mE
dE
>
2
>
<
R
2
v3 ðzÞ ¼ 32 mhvi /1 ðz; EÞ dE
ðA:37Þ
>
qﬃﬃﬃﬃ R
>
>
3
>
>
v4 ðzÞ ¼ hvi3 m8 p1ﬃﬃE /0 ðz; EÞ dE
>
>
>
>
pﬃﬃﬃﬃﬃﬃﬃﬃﬃ
R
:
v5 ðzÞ ¼ hvi /2 ðz; EÞ 2mE dE


~ dE dX:
~
vf ðt;~
r;~
vÞ d~
v ¼ / t;~
r; E; X

For non-relativistic electrons, the kinetic energy writes
E ¼ 12 mv2 which gives dE = mvdv.
We consider a spherical polar coordinate system in velocity
space (v,h,/) (Fig. B.1). A volume element writes:
d~
v ¼ v2 sinðhÞ dv dh d/

d~
v
¼ v2 sinðhÞ dh d/:
dv

ðB:3Þ

A surface element d~
s in the velocity space swept by the vector
~ of electrons of velocity d~
dX
v is given by:
~
d~
s ¼ v2 dX:

ðB:4Þ

But in spherical coordinates (Fig. B.1), a surface element writes:
d~
s ¼ v2 sin ðhÞ dh d/:

ðB:5Þ

Using equations (B.3) and (B.4) we get:
d~
s¼

d~
v
¼ v2 sinðhÞ dh d/
dv

ðB:6Þ

and
d X ¼ sin ðhÞ dh d/:
~ in equation (B.1) we get:
Including equation dX
1 
~ dE sin ðhÞ dh d/:
f ðt;~
r;~
vÞ d~
v ¼ / t;~
r; E; X
v

ðB:7Þ

ðB:8Þ

Combining equations (B.6) and (B.8) and the value of dE
versus dv, we can write:

Appendix B
or

f ðt;~
r;~
vÞ ¼

B.1 From f to /

The electrons are gyrating along the magnetic ﬁeld that we
call the z axis (Fig. A.1). Usually, moments are systematically
deduced from knowledge of the distribution function f ðt;~
r;~
vÞ
(in cm6 s3). In this work, The suprathermal elctron moments
are calculated in term of the suprathermal electron ﬂux
/(z, E, l) (in cm2 eV1 s1 sr1), solution of the electron
Boltzmann kinetic equation. For this purpose, we will ﬁrst ﬁnd
the relationship between the classical distribution function
~ at the position ~
f ðt;~
r;~
vÞ and the electron ﬂux /ðt;~
r; E; XÞ
r,
~
v
~
with the energy E at the direction X ¼ v.
vf ðt;~
r;~
vÞ is the electron ﬂux of velocity ~
v at the direction
~ ¼ ~v. So:
X
v

ðB:2Þ

where h is the angle between vz and the electron velocity
vector (usually also called “pitch angle”) and l ¼ cosðhÞ.
The above makes it possible to write:

v2
f ðt;~
r;~
vÞ ¼ /ðt;~
r; E; ~
XÞ
m

B Computation of the suprathermal electron
moments: second demonstration

ðB:1Þ

m2 
~ :
/ t;~
r; E; X
2E

ðB:9Þ

ðB:10Þ

We make the stationary hypothesis and take into account that
the electrons are gyrating in the conﬁguration space along the
magnetic ﬁeld lines that we call the z axis. The Boltzmann distribution function can simply be expressed as f ðz;~
vÞ.
Using the value of h versus l, one gets:
f ðz;~
vÞ d~
v¼

1
/ðz; E; lÞ dE dl d/ ¼
v

rﬃﬃﬃﬃﬃﬃ
m
/ðz; E; lÞ dE dl d/
2E

ðB:11Þ
and
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f ðz;~
vÞ ¼

m
m2
/ðz; E; lÞ:
/ðz; E; lÞ ¼
2
v
2E

ðB:12Þ
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B.2.2 First order moment: the supra thermal electron velocity

The second moment is the velocity v (in cm s1).
The velocity vector ~
v of the electron can be splitted into a
component v~z parallel to the magnetic ﬁeld line (i.e. to Vz axis)
and another one v~? perpendicular to the magnetic ﬁeld line and
situated in the plane (Vx, VyÞ (Fig. B.1):

Such as:

Fig. B.1. Spherical coordinate system (v, h, /) in the velocity space.
The Vz axis is in the direction of the local magnetic ﬁeld B.

~
v? :
v ¼~
vz þ~

ðB:18Þ

8
qﬃﬃﬃﬃ
2E
>
>
v
¼
<
m
:
¼
v
cos
h ¼ vl
v
z
>
>
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
p
:
v? ¼ v sin h ¼ v 1  l2

ðB:19Þ

It is important to note that around a full rotation, the average of
the perpendicular velocity is null, so that hvi = hvzi.
Equations (B.17) and (B.19) allow to write the average
velocity in the form:
ZZ
2p
/ðz; E; lÞ l dl dE
ðB:20Þ
v ¼ vz ¼
nð z Þ
B.2.3 Second order moment: the supra thermal
electron temperature

To compute the suprathermal electron temperature (in K),
we use the thermodynamic deﬁnition of the kinetic temperature:

B.2 Momentums
B.2.1 Zeroth order moment: the supra thermal electron density

In Boltzmann’s formalism, the density nðzÞ (in cm3) is
given by:
Z
nðzÞ ¼ f ðz;~
vÞd~
v:
ðB:13Þ
Using equation (B.11) it becomes:
Z
1
/ðz; E; lÞ dE dl d/
nðzÞ ¼
v
Z rﬃﬃﬃﬃﬃﬃ
m
¼
/ðz; E; lÞ dE dl d/:
2E

3
1
kT ¼ mc2
ðB:21Þ
2
2
where k is the Boltzmann constant and ~
c is the random or speciﬁc velocity deﬁned as the velocity of the electron relative to
the average (mean) velocity h~
vi:

so
ðB:14Þ

~
c ¼~
v  h~
vi

ðB:22Þ

3
1 
2
kT ¼ m hv2 i  hvi :
2
2

ðB:23Þ

So that
In the spherical coordinate system (v, h, /) (Fig. B.1), the full
rotation of / is 2p. The density writes:
ZZ rﬃﬃﬃﬃﬃﬃ
m
nðzÞ ¼ 2p
/ðz; E; lÞ dl dE:
ðB:15Þ
2E
The average hXi of any random variable X can then be
computed as:
Z
1
Xf ðz;~
vÞ d~
v:
ðB:16Þ
hX i ¼
nðzÞ
In the (z, E, l) frame,
ZZ
2p
hX i ¼
nð z Þ
ZZ
2p
¼
nð z Þ

hXiwrites:
1
X /ðz; E; lÞ dl dE
v
rﬃﬃﬃﬃﬃﬃ
m
X /ðz; E; lÞ dl dE:
2E

3
m
kT ¼
2
2nðzÞ
which becomes:
2pm
3kT ¼
nð z Þ

Z
v2 f ðz;~
vÞ d~
v

mhvi2
2

ðB:24Þ

ZZ
v/ðz; E; lÞ dl dE  mhvi2 :

ðB:25Þ

This allow to deﬁne the total temperature Ttot in relation to the
instantaneous velocity v, deﬁned by:
ZZ pﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2p 1
2mE /ðz; E; lÞ dl dE:
ðB:26Þ
T tot ¼
3k nðzÞ
Which can be written according to equation (B.25) as:
3
mhvi
T tot ¼ kT þ
:
2
2
2

ðB:17Þ
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ðB:27Þ
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It is the sum of two components because the velocity of the
electrons may be divided in the mean velocity along B computed in equation (B.20) and the speciﬁc ﬂuctuation of the velocity ~
c depending on each electron agitating energy with the
corresponding kinetic or speciﬁc temperature Tspec. The mean
temperature due to the mean velocity is simply:
mhvi
mhvz i
¼
:
3k
3k
2

T mean ¼

2p 1
3k nðzÞ

ZZ pﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2
mhvz i
2mE /ðz; E; lÞ dl dE 
3k

v34 ðzÞ ¼ v3 ðzÞ þ v4 ðzÞ ¼ mn hvi3 :

ðB:28Þ

ðB:29Þ

ðB:32Þ

The heat ﬂow can then be written as the sum of 4 heat ﬂow
components:
vðzÞ ¼ v1 ðzÞ þ v2 ðzÞ þ v34 ðzÞ þ v5 ðzÞ
ðB:33Þ
where

B.2.4 Third order moment: the supra thermal electron heat flow

The demonstration reads as in Section A.2.4. However, we
can easily notice that using equation (B.20), v3(z) in equation
(A.37) can be written as:
3
3
v3 ðzÞ ¼ mnhvi :
2

Equations (B.30) and (B.31) make it possible to write:

2

And we get:
T spec ¼

Likewise, using equation (B.15), v4 ðzÞ in equation (A.37) can
be written as:
1
3
ðB:31Þ
v4 ðzÞ ¼  mn hvi :
2

ðB:30Þ

8
R
v1 ðzÞ ¼ E/1 ðz; EÞ dE
>
>
>
qﬃﬃﬃﬃﬃ
>
>
< v ðzÞ ¼ hvi R / ðz; EÞ mE dE
2
0
2
ðB:34Þ
>
3
>
v34 ðzÞ ¼ mn hvi
>
>
>
pﬃﬃﬃﬃﬃﬃﬃﬃﬃ
R
:
v5 ðzÞ ¼ hvi /2 ðz; EÞ 2mE dE
R
and /j ðz; EÞ ¼ 2p lj /ðz; E; lÞ dl for j = 0, 1 or 2.
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